Abstract. We construct an example of a rational mapping F from C 2 to P 2 , which has indeterminacies on the unit sphere S 3 ⊂ C 2 , but such that the image F (S 3 ) is contained in the affine part C 2 of P 2 and doesn't contain any germ of a non-constant complex curve.
Introduction.
Let F : U → P N be a meromorphic mapping from a domain U ⊂ C n to the complex projective space. Here n 2 and N 2 will be supposed everywhere. Denote by I F the set of points of indeterminacy of F , i.e., z 0 ∈ I F if and only if F is not holomorphic in any neighborhood of z 0 . As it is well known I F is an analytic subset of U of codimension at least two. Recall that the full image by F of a point z 0 , denoted as F [z 0 ], is the set of all cluster points of F at z 0 , i.e.,
F is holomorphic in a neighborhood of z 0 if and only if F [z 0 ] is a singleton. Likewise one can define the full image of z 0 by F along a closed subset M accumulating to z 0 , ex. M can be a complex curve or, a real hypersurface containing z 0 :
is always a singleton regardless of whether z 0 is a regular or an indeterminacy point of F . As we shall see in our example the same can happen if M occurs to be a real hypersurface with z 0 being an indeterminacy point of F . The proper image or transform of a closed subset M ⊂ U under F is defined now to be the union of full images along M of its points. In other words
(1.4) We denote as w 1 , w 2 the standard coordinates in C 2 . S 3 = {(w 1 , w 2 ) : |w 1 | 2 + |w 2 | 2 = 1} stands for the unit sphere in C 2 and B 2 for the open unit ball. Our goal in this note is to construct the following Example 1. There exists a rational mapping F : C 2 → P 2 such that: i) Its indeterminacy set is I F = {p ± := (0, ±1)}, its divisor of poles is P F = {w 2 = ±1}, and
] of the unit sphere S 3 under F doesn't contain any germ of a non-constant complex curve. iii) K is contained in an appropriate affine part W ∼ = C 2 of P 2 .
Let us explain the interest in such an example. It was proved in Lemma 6.6, p. 128 of [P] and later, independently in [C] , that for a germ M of real analytic hypersurface in C n and a germ F of a meromorphic mapping near M such that
It is of considerable interest and importance to replace in this result the unit sphere S 2N −1 ⊂ C N by an arbitrary compact, smooth, real analytic hypersurface in K ⊂ P N which doesn't contain non-constant germs of complex curves, ex. K is strictly pseudoconvex. In our example the image K doesn't contain germs of complex curves but it is not smooth. Therefore both conditions on K in the conjecture mentioned above are important, see also the relevant Remark 2.1 at the end of this note. Acknowledgements. We are grateful to Rasul Shafikov and Alexander Sukhov for the stimulating discussions, in particular for the Remark 2.1 about our example and for giving us the possibility to consult the thesis of S. Pinchuk [P] .
Construction of the Example
The construction of this example consists from three merely independent steps: first we examine the behavior of the proper transforms of the unit sphere under the three consecutive blow-ups, second we construct an appropriate rational mapping, third we pass from the local picture to the global one.
Step 1. Blowing-up S 3 . We start with the representation of the unit sphere in the form
The exceptional curve E 1 is given by {z
If we denote by M 1 the proper transform of M under π 1 we see that M 1 \ E 1 has equations
(2.3) and
, is a smooth hypersurface (one easily checks that the gradient never vanishes) with the same equation as (2.4) and
Here coordinates (z ′ 1 , z ′ 2 ) are redefined now simply as (z 1 , z 2 ) in order to simplify the notations. The same will be repeated after the each consecutive blow-up.
We see that M 1 ∩ U ′ 1 is a real cone with vertex at the origin. On the diagram of moduli (r 1 , r 2 ) = (|z 1 |, |z 2 |) it is contained in the cone r 2 r 1 . This can be seen on the Fig. 1 (a) . At this stage the proper transform M 1 of M contains the exceptional curve E 1 . .
. , only a part of E 2 . While the third misses E 3 completely, i.e., M 3 ∩ E 3 = ∅.
Next we blow-up the point 0
We get the following equations in charts U ′ 2 and U ′′ 2 (the same convention about coordinates, i.e., no primes and double primes):
If we denote by M 2 the proper transform of M 1 under π 2 and by E 2 the corresponding exceptional curve then for M 2 \E 2 in U 
see Fig. 1 (b) . Therefore the third blow-up with center 0 ′ 2 of U ′ 2 will took place outside of M 2 , see Fig. 1 (c) . Denote by π = π 1 • π 2 • π 3 : U 3 → U 0 the composition of all three our blows-up and refer to it as to the resulting modification.
Step 2. Construction of the mapping. We need to take a rational map F of a generic rank two, which will have an indeterminacy point only at zero of our initial chart U 0 = C 2 , its lift F • π should stay constant along first two exceptional curves E 1 , E 2 and non-constant along the third one E 3 . Such mapping is, for example, the following one
For the moment it is better to consider this map as a mapping from U 0 = C 2 to P 1 × C. Its the only indeterminacy point is p − = (0, 0), its divisor of poles is P − = {z 2 = 0} and the behavior on E 1 , E 2 , E 3 is as required. Remark that F lifts to a holomorphic map F • π on the third blow-up U 3 . If we take a relatively compact neighborhood V 0 of the origin in U 0 then the proper image K of M ∩V 0 will be the same as the image of
, is a singleton.
Step 3. Globalization. As it is well known, and easy to check, the projective transformation
sends the unit sphere S 3 = {|w 1 | 2 + |w 2 | 2 = 1} to our model M. Writing F as a mapping to P 2 , i.e., as
12) and composing it with R we get the expression of our map in coordinates w 1 , w 2 :
We refer to (2.13) as to the form of the mapping F in coordinates (w 1 , w 2 ). This is the mapping of our example. Now let us prove the assertions (i) -(iii) as they are stated in the Introduction. (i) It is easy to see that it has two points of indeterminacy p ± = (0, ±1) and that it behaves at this points similarly. The behavior at p − was already studied, the behavior at p + is the same. We mean by this that F becomes to be holomorphic on the third blow-up over p + , but is constantly equal to [0 : 1 : 0] on E + 1 and E + 2 the first and second exceptional curves over p + . Divisor of poles is {w 2 = ±1} as required.
(ii) K cannot contain any germ of a non-constant complex curve. Indeed, let C ⊂ K be such a germ. Denote by π the total modification which consists from resolving indeterminacies of F at p + and p − with exceptional curves E (2.14)
Putting F (w) to this equation we get ζ 2 − iζ 1 = i(1 + w 2 )(1 − w 2 ) 2 + i(1 + w 2 ) 2 (1 − w 2 ) = 2i(1 − w
